A theory with experimental verifications has been developed to investigate the nonlinear behavior of comb drive actuators under applied external electrical potential and Joule heating effects. The nonlinear behavior originates from coupled effects of the beam structure under applied electrical potential with electrostatically induced tensile stress and thermally induced compressive stress. Detailed analyses have been conducted to study the nonlinear spring force, residual and thermal stresses, as well as the dynamic behaviors of the actuator. Experimental and numerical simulation results based on an energy model have been proposed to analyze the linear and cubic stiffness as well as frequency changes of the comb drive actuators. Theories and models developed on the comb drive actuator in this work could be extended to explain nonlinearity and dynamic behaviors of more complicated microsystems encountering other force-induced nonlinear sources.
Introduction
The invention of the comb drive actuator [1] inspired the development of many sensors and actuators [2] [3] [4] [5] [6] , as combshape actuators are easy to make and provide good linearity under small deflections. Most devices or systems based on comb drive actuators use the linear model to calculate the stiffness of the suspension spring. For instance, a linear spring model of folded spring design [1] has been assumed to describe the dynamic behaviors of comb drive actuators. However, transducers based on electrostatic resonators, such as microgyroscopes or microaccelerometers, may require post-fabrication frequency tuning to improve their sensitivity and performance and nonlinear behavior can be introduced. Various frequency tuning schemes have been demonstrated by actively introducing external electrical forces or permanently altering the geometry of the comb actuators. For example, the frequency of the microactuators has been tuned by applying a control voltage to triangular electrostatic comb arrays for about 3% reduction in frequency [7] , by adding material deposition to the mass for about 1.2% reduction in frequency [8] or by thermally expanding microstructures for up to 25% reduction in frequency [9, 10] . Other frequency-tuning methods can cause frequency reduction due to externally applied attractive force [7] , mass increase [8] or thermal expansion [9, 10] of the spring structure. Using electrostatic fringing-field actuators [11] , researchers have tuned the effective linear and cubic stiffness of microstructures. However this electrostatic tuning method generally requires high tuning voltages of up to 35 V. In these and other situations where external forces/mechanisms are used to modify the performances of comb-shape actuators, nonlinear behavior could emerge and should be modeled and formulated. This paper presents a theory with experimental demonstrations to illustrate nonlinear behaviors of the combshape actuators under externally induced forces, including externally applied electrical potential and Joule heating effects. (a) the root mean square voltage, V rms , of the comb drive generates tension in a beam to increase its stiffness, (b) the heating voltage V h causes thermal expansion and compressive stress to reduce the stiffness. A combination of these provides a unique way to either increase or decrease the stiffness of a mechanical structure. Figure 1 shows a schematic of the comb drive microactuator utilizing tension and compression effects of springs to alter its resonant frequency. The movable structure suspended by the spring beams is actuated in the lateral direction by applying a dc bias voltage V b and ac driving voltage V a . The dc bias voltage V b and a Joule heating voltage V c are used to tune the linear and cubic stiffness of the spring to generate tension or compression effects. Figure 2 shows the principle of stiffness change of the spring beam when dc bias voltage V b and the heating voltage V h are applied. The dc bias voltage V b generates electrostatic tensile force to cause deflection of the beam as illustrated in figure 2(a) . The heating voltage causes the beam to extend as the beam stiffness decreases due to compressive force as illustrated in figure 2(b) . In the following analyses, the nonlinear stiffness behavior of the spring beam is first described and the dynamic behavior of the comb resonators is afterward derived.
Theory

Behavior of the springs
A straight beam in figure 3(a) with Young's modulus E, moment of inertia I, length l, width b and the initial tension T is subjected to an applied force F a in the upward direction with deflection, δ, as illustrated in figure 3 (b). Figure 4 depicts the force that was generated by the beam when the beam is deflected by δ. The force, F a , can be modeled as the sum of the linear force term and the cubic force term due to the geometric nonlinearity, the initial stress and other effects. Because the beam is symmetric about the axis x in figure 3 , the quadratic and forth forces disappear and the linear and cubic forces are included in the spring force formulation. In order to obtain the force under a given deflection, we combine theoretical solution for the linear force and numerical solution for the cubic force term and assume the following relationship:
We use the dimensional analysis [14] to obtain a simple force-deflection equation from the nonlinear curves of figure 4 as follows:
Four dimensionless parameters that govern the beam deflection can be obtained as follows [14] :
where
EI and b l are the dimensionless parameters. By assuming that the tension T in the beam is constant and that the beam deflection is small, we can obtain the linear force F a at the deflection δ as [13] :
If a compressive force P instead of the tension T is applied in equation (4), the buckling load P of the spring beam can be obtained as
After using Taylor's series expansion to equation (4), a simple linear stiffness is obtained for small λ:
It is noted in equation (7) that the linear stiffness is proportional to the initial tension T when l 2 T/EI is small. The linear stiffness k l represents the linear force while the cubic force can be obtained from a numerical simulation. After combining the linear force of equation (3) with the cubic force, the applied force at the deflection δ can be obtained as follows:
σ i is the initial stress that consists of the residual stress and the thermal stress that may be generated by the Joule heating. Subtracting the linear force of the equation (8) from the spring beam force of figure 4 and using a curve fitting technique gives the cubic stiffness reflecting the cubic force,
where k c0 , k c1 and k c2 denote coefficients to determine the cubic stiffness k c at a given initial stress σ i . A procedure to obtaining the coefficients for the cubic stiffness will be detailed in section 3.
Compressive stress generation in the spring
The spring beam of figure 1 also acts as a heater for adjusting thermal stress. Figure 5 shows the energy balance of an infinitesimal beam element taken from the spring beam. In order to analyze temperature distribution of the beam, the onedimensional energy balance equation is used [21] : 
Equation (14) is rewritten as follows:
Before solving the above equation, we examine the second term reflecting the convection heat transfer. With a characteristic temperature θ max and the characteristic length l, a dimensionless number 1 can be defined to compare the conduction heat transfer (the first term of equation (16)) with convection heat transfer (the second term of equation (16)):
The dimensionless parameter 1 is calculated as 0.0063 when we use dimensions and values of typical silicon micromachined comb drive actuators: l ∼ 100 × 10
. 1 1 implies that the convection heat transfer is very small compared to the heat conduction transfer, so that the convection heat transfer could be ignored. Dropping the second term of equation (16), we rewrite the differential equation as follows:
With the boundary conditions θ = θ ∞ at x = 0 and x = l, the above equation yields the temperature distribution equation [21] 
The temperature distribution is quadratic and the maximum
One can obtain the thermally induced strain from the integration of equation (19) on x:
Using the above strain, the initial tension and stress are expressed as follows: Figure 6 . Forces acting on the movable structure.
where σ r is the residual stress atQ = 0. It is noted from equations (15), (21) and (22) that the initial tension and stress decreases with increasing heating voltage. When the tension T due to the heating reaches the buckling load of zero linear stiffness (equation (4)), the beam is buckled. The vibration of microactuators with buckled beam can extend travel range as shown in the following sections. Figure 6 shows the forces on the movable structures when it moves to the right-hand side. The electrostatic force F e of the comb is a driving force, damping force F damping is a drag force and spring force F spring is a restoring force. The equation of motion is obtained from Newton's law,
Dynamic behaviors of the movable structure
c denotes the damping coefficient from the Stokes' damping model [15, 22] and c p is the Couette damping coefficient [22] due to the Couette shear flow [23] between the movable structure and the substrate.
Equations (23)- (30) include severe nonlinearities such as the cubic stiffness, the initial stress effect, the bias voltage change, the geometric nonlinearity, the angular frequency and the damping coefficient as a function of the angular frequency, so that we cannot use simple equations and solutions such as the Duffing's equation [16, 17] . To solve the preceding nonlinear equation of equation (23), the Park method [18] is used that is one of the stable methods for solving nonlinear second differential equations. Applying the Park method to the equation (23) 
where subscript t is time, subscript t is time step,δ denotes the velocity (dδ/dt). The Wilson theta method [18] is used to obtain the first two steps of displacement (δ) and velocity (δ) at t − t and t − 2 t. With the initial displacement and the velocity at t = 0 and the first two steps, the displacements of the next time steps are successively calculated.
Design and fabrication
When the Joule heating voltage is applied as shown in figure 1 , the movable structure has electric potential that generates an electrostatic force in the direction normal to the substrate. This nonlinear electrostatic force pushes the movable structure downward and may result in the collapse of the movable structure into the substrate [27] . In order to avoid structure collapse, the voltage of the lower electrode is set equal to that of the movable structure. Figure 7 depicts the electrical wiring to heat the beams and to avoid the collapse of the lower electrode. In figure 7 , the beam resistance is R and the resistance for force balance is R b . The voltage V h of the movable structure is obtained as
Similarly, the voltage of the lower electrode for balance has the same voltage. It is noted that the voltage V h of equation (34) is also used to generate Joule heating (equation (15)) in a beam to induce the thermal compressive stress. Table 2 summarizes the design parameters of the comb drive actuator that can adjust the linear and cubic stiffness as well as the resonant frequency. The linear and cubic stiffness of the spring beam shown in table 3 is obtained by using the beam data in table 2 and ABACUS [19] -a finite element simulation software. The numerical simulation using ABACUS gives the force F a at deflection δ as shown in figure 8 . The force increases with deflection but decreases when compressive stress is increased (i.e. negative initial stress). When the initial compressive stress increases, the linear stiffness and the force in a portion of deflections become negative. For the initial stress of −64 MPa in figure 8 , the force is negative in the range of 0-4 µm and the stiffness is negative in the range of 0-2.2 µm. Subtracting the linear force (k l δ of equation (8)) from the simulated force of figure 8 gives the cubic force that is a function of the initial stress, σ i . From a polynomial curve fitting of the cubic force, the cubic stiffness coefficients of equation (13) are obtained. Table 3 summaries the coefficients of the linear and cubic  stiffness and table 4 shows the initial stress, the linear and cubic stiffness as functions of V c . The cubic stiffness of table 2 is in agreement with that from figure 8 within 3% discrepancy in the range of −64 MPa σ i 64 MPa. When the heating control voltage V c increases from 0 to 2 V in table 4, the initial stress in each beam decreases from the residual stress.
Using the computational scheme of equation (31) and the design parameters in tables 2 and 3, we numerically simulate the nonlinear dynamics of the comb drive actuator under ac driving voltage V a = 10 V with dc bias voltage V b = 40 V. Figures 9 and 10 show the four possible responses. In figure 9 , the movable structure with zero heating voltage at time t = 0 is driven by the electrostatic force of the comb (equation (27) ). Without heating, the displacement of the movable structure increases with time and the amplitude reaches a saturation level. When the heating voltage V c = 2 V is applied to the beam, three possible modes are shown in figures 10(a), (b) and (c). Under the resonant frequency of 16 kHz, the movable structure in figure 10 (a) swings a few times in the positive and negative regions and thereafter its motion is confined in the positive region. The second case is observed in figure 10(b) . When the driving voltage is applied at f = 16.5 kHz, the movable structure vibrates a few times in the positive and negative regions and then its motion is confined in the negative region. At f = 17 kHz, the movable structure continuously moves in both the directions even though its motion is confined in the positive or negative region a few times. It is noted from the three modes of figure 10 that if the movable structure swings in both the regions, its vibration amplitude becomes about two times that in one-side regions. Tunable microactuators 2 µm in thickness have been fabricated by the standard surface micromachining process [20] . Figure 11 shows a SEM photograph of one released a Calculated by using theoretical stiffness (equations (10) and (11) microresonator where the mass of the movable structure is 6.36 × 10 −11 kg and the spring beam is 2 µm in width and 150 µm in length. Figure 12 is a close-up view of figure 11 . The meander-shape resister design for the purpose of electrostatic force balance has been implemented to balance the voltage supply to keep the movable structure from electrostatically sticking to the lower plate. 
Results
The tunable microactuator was tested under an optical microscope in atmospheric pressure with peak-to-peak ac afterward. The discrepancy between the experimental and simulated frequencies might come from uncertain material properties used in the simulation. Experimentally, resonant frequency changes from 22.2 kHz to 16.2 kHz, which is 27% reduction. Figure 15 is effective stiffness data from figure 14 by using k eff = m(2πf ) 2 . The effective stiffness is reduced by 47% from the initial stiffness of 1.24 N m . Using figures 15 and 17, a simple expression of the effective stiffness reflecting the nonlinearity on the vibration amplitude and the resonant frequency can be obtained as follows:
The above expression is an approximate equation for the effective stiffness and is valid in the range of 20 V V b 60 V and 0 V c 1.8 V.
Discussion
We developed a theory for the nonlinear behavior of comb drive actuators under externally induced electrostatic force and Joule heating effects. Several nonlinear sources affect the overall behavior: geometric nonlinearity of the spring, initial stress generated due to residual stress and thermally induced stress. An apparent soft spring phenomenon as well as Duffing's hard spring effect [16, 17] have been observed in figure 13 . With increased bias voltage (equation (27) ), the tension and stiffness of the spring increase and resonant frequency increases as shown in figure 16 . The heating voltage increases to cause more Joule heating and the stiffness of the spring decreases to cause the reduction of resonant frequency as shown in figure 14 . However, previous theories such as Duffing's equation did not provide good explanations on the decrease/increase of the resonant frequency in figure 14 or negative spring constant as shown in figure 13 . Figure 3 shows the spring is symmetric about the xaxis such that one may assume the spring force curve is symmetric about the origin as shown in figure 18(a) . The thermal expansion of the beam gives the compressive stress and lowers the spring force and could generate negative spring constant in some regions as shown. The potential energy (stored energy) [26] corresponds to the spring force and figure 18(b) depicts the potential energy of the spring with respect to the displacement and the heating voltage. Under zero heating voltage, the curve of the potential energy is U shaped. The energy curve changes to the form of W shaped under non-zero heating voltage. As shown in figure  18(b) , the curve of the W shape potential energy well is wider than that of the U shape potential energy well. The local minimum positions on a potential energy well can be defined as positions that satisfy dE/dδ = 0 and d Figure 18 . Spring force and corresponding potential energy while the heating control voltage V c is changed. When V c increases, the stiffness decreases and becomes negative in some regions. The shape of the potential energy E changes from U to W shape. The stable displacements are displacements that satisfy dE/dδ = 0 and d Figure 19 . Explanation of the frequency shift and negative cubic stiffness: the comb drive actuator can work in the three different modes: (a) no energy barrier at the center of the energy, (b) energy barrier less than the potential energy and (c) energy barrier larger than the potential energy.
voltage), the mass could go over the energy barrier and go from one well to another. As shown in figures 18(b) and 19(b), the wider well shape provides longer vibration amplitude and results in the lower frequency. This lower frequency phenomenon due to wider well is observed in figure 13 . Moreover, the mass travels over the region of the negative linear stiffness formed in the central region of the well. This soft spring effect due to the apparent negative cubic stiffness is observed in figures 13 and 14. When we increase the heating control voltage beyond 2 V, the energy battier is higher than the stored energy and the mass (the movable structure) cannot go over the energy barrier and its motion is confined in one well. The effect of the energy barrier on the response is observed in the numerical simulation (figure 10) at the heating control voltage of V c = 2 V and at the three different frequencies of f = 16 kHz, 16.5 kHz and 17 kHz. From figures 10(a) and (b), the movable structure starts from δ = 0, swings in the positive and negative regions a few times and then the motion of the mass is confined in the positive side well ( figure 10(a) , the right well figure 19(c) ) or in the negative side well ( figure 10(b) , the left well of figure 19(c) ). When the potential energy is higher than the barrier energy, the mass vibrates in the both side wells as shown in figures 10(c) and 19(b) . Using this energy potential well model, we can clearly explain the frequency decrease and increase phenomenon when the heating controls voltage increases. When the heating control voltage increases until V c = 2 V in figure 14, the energy well becomes wider and the potential energy well is divided into two small wells while the resonant frequency lowers. As a result, this energy well division effect of the microstructure can be used to extend travel distance of the movable structure, adjust the resonant frequency and even control the effective linear and apparent cubic stiffness over the range of negative and positive values. This energy analysis could be extended to other energy sources such as electromagnetic force for the control and operation of resonating structures.
Conclusions
Nonlinear behavior of the comb drive actuator under externally applied electrical actuation and Joule heating effects has been investigated analytically and experimentally. The nonlinear behavior comes from spring, electrostatic force and thermally induced stress. The linear and cubic spring constant was assumed and obtained by using a combination of theory and numerical simulation under tensile and compressive stresses. A dynamic model was built with numerical simulation to understand the nonlinear behavior of the movable structure. The dc bias voltage results in the hard spring effects. The resonant frequency decreases under Joule heating effects and the apparent negative cubic spring constant (soft spring effect) was observed. In order to explain the apparent negative cubic stiffness effect and the corresponding frequency change, we proposed the potential energy well model of the comb drive actuator where the well becomes wider and is divided into two small wells when the heating control voltage increases. From a series of experiments and numerical simulation using the developed dynamic model, the potential energy model well explained the nonlinearities of the comb drive actuator mentioned above. These investigations could lead the way to explaining nonlinearity and dynamic behaviors of complicated microsystems based on comb actuators.
